Abstract. The study of the existence of free groups in skew linear groups have been begun since the last decades of the 20th century. The starting point is the theorem of Tits (1972), now often is referred as Tits' Alternative, stating that every finitely generated subgroup of the general linear group GLn(F ) over a field F either contains a non-cyclic free subgroup or it is solvable-by-finite. In this paper, we study the existence of non-cyclic free subgroups in maximal subgroups of an almost subnormal subgroup of the general skew linear group over a locally finite division ring.
Introduction
Let D be a division ring and n a positive integer. The subject of this paper is to study the problem on the existence of non-cyclic free subgroups in maximal subgroups of an almost subnormal subgroup of the general skew linear group GL n (D) provided D is locally finite. Recall that D is locally finite if for every finite subset S of D, the division subring F (S) of D generated by the set F ∪ S is a finite dimensional vector space over F , where F is the center of D. Let G be an arbitrary group and H a subgroup of G. Following Hartley [10] , H is almost subnormal in G if there exists such a sequence of subgroups
where for any 0 ≤ i ≤ r − 1, either H i is normal in H i+1 or H i is a subgroup of finite index in H i+1 . By definition, every subnormal subgroup in a group is almost subnormal. In [11, Example 8] , for a given prime power k = q m and a local field F , Hazrat and Wadsworth have constructed a division ring D with center F in which for any odd prime divisor p of k + 1, there exists a non-normal maximal subgroup of index p in the multiplicative group D * of D. In view of these examples, one can conclude that there exists a various number of division rings containing almost subnormal subgroups which are not subnormal.
Throughout this paper, F and D * denote the center and the multiplicative group of a division ring D respectively. For a positive integer n, M n (D) is the matrix ring of degree n over D. We identify F with F I n via the ring isomorphism a → aI n , where I n is the identity matrix of degree n. If S is a subset of M n (D), then F [S] denotes the subring of M n (D) generated by S ∪ F . Also, in the case n = 1, we denote by F (S) the division subring of D generated by the set F ∪ S. If H and K are two subgroups in a group G, then N K (H) denotes the set of all elements k ∈ K such that k −1 Hk ≤ H, i.e., N K (H) = K ∩ N G (H). If A is a ring or a group, then Z(A) denotes the center of A.
Let V = D n = {(d 1 , d 2 , . . . , d n ) |d i ∈ D }. For any subgroup G of GL n (D), V may be viewed as D-G bimodule. Recall that a subgroup G of GL n (D) is irreducible (resp. reducible, completely reducible) if V is irreducible (resp. reducible, completely reducible) as D-G bimodule. If F [G] = M n (D), then G is absolutely irreducible over D. If G is irreducible, then G is imprimitive if there exists an integer m ≥ 2 such that V = ⊕ m i=1 V i as left D-modules and for any g ∈ G the mapping V i → V i g is a permutation of the set {V 1 , · · · , V m }. If G is irreducible and not imprimitive, then G is primitive.
Auxiliary results
Lemma 2.1. Any subgroup of the multiplicative group of a division ring is irreducible.
Proof. Suppose that D is a division ring and G is a subgroup of D * . For any x ∈ D * and g ∈ G, we have
If S is a subset of D and every element of S is algebraic over F , then we say that S is algebraic over F . In general, we believe that F (S) = F [S] even if S is algebraic over F , but we don't have the proof as well as we are unaware of a reference. However, the following fact is obvious. Proof. For any finite subset S ⊆ G, let H be the subgroup of G generated by S. Assume that K is the division subring of D generated by all entries of all matrices in S over F , and let r = [K : F ]. Viewing H as a subgroup of GL r (F ), by [22, Corollary 1] , H is solvable-by-finite. Hence, G is locally solvable-by-finite. By [20, 3.3.9, p.103] , G is (locally solvable)-by-(locally finite).
Remark 1.
Recall that a field F is locally finite if every its finitely generated subfield is finite. Obviously F is locally finite if and only if the prime subfield P of F is finite and F is algebraic over P . If D is a locally finite division ring with such a center F , then Jacobson's theorem [13 
Proof. For n > 1, by [16, Theorem 3.3] , G is normal in GL n (D). Therefore, Proof. Assume that M contains no non-cyclic free subgroups. We claim that M is irreducible. Indeed, in view of Lemma 2.1, we can assume n > 1. According to [16, Theorem 3.3] , SL n (D) ⊆ G and G is normal in GL n (D). Assume by contradiction that M is reducible. In view of [20, 1.1.1, p.2], there exist a matrix P ∈ GL n (D) and some integer 0 < m < n such that P M P −1 ⊆ H, where
The normality of G in GL n (D) and the maximality of M imply that
This is imposible since I n + E n1 belongs to SL n (D) but it is not an element of H (here E n1 is the matrix with 1 in the position (n, 1) and 0 everywhere else). So, we may assume that H = P M P −1 . Because M contains no non-cyclic free subgroups, so does H. Consequently, the group Conversely, suppose that M is abelian-by-locally finite and contains a non-cyclic free subgroup G 1 := x, y , which is generated by x and y. Let H be an abelian normal subgroup of M such that M/H is locally finite. Then G 1 H/H is finite. So, there exist integers i, j ≥ 1 such that
that is impossible because x and y are generators of the free group G 1 .
Suppose that n = rk, for some k > 1. Let S be a subgroup of the symmetric group S k . Convert each σ ∈ S to a k × k permutation matrixt in the usual way, and set t = I r ⊗t. Let G be a subgroup of GL r (D). For eachḡ ∈ G, take the matrix I k and replace the (1, 1) entry byḡ, the other diagonal entries by I r , and the remaining entries by r × r zero matrix. Call this matrix g. Then both t and g are elements of GL n (D). The subgroup of GL n (D) generated by all such matrices g and t is the wreath product of G and S, denoted by G ≀ S. 
If the first case occurs, then the subgroup SL n (D) should be contained in H. This is impossible because I n + E n1 belongs to SL n (D) but it is not an element of H. Therefore, G ∩ H = M 1 , which implies that M 1 contains SL r (D). Consequently, M contains a copy of SL r (D). is a prime ring. Therefore, F [N ] is a simple artinian ring. By The WedderburnArtin Theorem, F [N ] ∼ = M t (∆) for some t ≥ 1 and some division F -algebra ∆. Let F 0 = Z(∆) and S be any finite subset of ∆. We claim that ∆ is locally finite. To do this, we must show that ∆ 2 = F 0 (S), the division subring of ∆ generated by S over F 0 , is finite dimensional over F 0 . First, we will prove that [∆ 2 :
. Let D 1 be the division subring of D generated by all entries of all elements of S over F . Denoting r := [D 1 : F ], we have
In view of the Amitsur-Levitzki Theorem, F [S] satisfies the standard polynomial identity. By [1, Theorem 1], the division subring ∆ 1 := F (S) of ∆ is finite dimensional over its center
is an injective homomorphism. Therefore, R is a domain and dim K R < ∞, which implies that R is a division ring. Moreover, R contains F 0 and S, so R = ∆ 2 and k := [∆ 2 :
Let K be the subfield of F 2 generated by Ω over F 0 , and let
Then, ∆ 3 is a domain and dim K ∆ 3 < ∞. Consequenly, ∆ 3 is a division ring containing both S and F 0 , which yields ∆ 3 = ∆ 2 and [F 2 : K] < ∞. Since K is finitely generated over F 0 , so is F 2 . Moreover, F 2 is algebraic over
It is well-known that the existence of maximal subgroups in division rings is one of the difficult open problems in the theory of skew linear groups. The result obtained in the following theorem contains some useful information for the study of this problem. Some related results can be found in [3] and [14] .
Theorem 2.8. Let D be a non-commutative locally finite division ring with center
′ is a locally linear group, that is, every finite subset of M ′ generates a subgroup which is isomorphic to a linear group over a field. According to Schur's theorem [13, Theorem 9.9', p.146], M ′ is locally finite. In the proof of the previous theorem we see that M is irreducible. Therefore, according to [20, 1.2.4, p.11], F [M ] ∼ = M t1 (∆ 1 ) for some t 1 ≥ 1 and some locally finite dimensional division F -algebra ∆ 1 . The maximality of M in G yields either
M is a non-abelian almost subnormal subgroup of GL t1 (∆ 1 ) that is radical over F . This contradicts to [16, Theorem 4.3] , which forces G ⊆ F [M ]. Applying Lemma 2.4, we conclude that
We claim that M is primitive. Indeed, if M is imprimitive, then according to Lemma 2.6, M contains a copy of SL r (D) for some integer r > 1. By [16, Theorem 4.3] , M contains a non-cyclic free subgroup, which contradicts to the fact that M is radical over F . Thus M is primitive as claimed. By Lemma 2.7,
for some t 2 ≥ 1 and some locally finite dimensional division
Let us consider two possible cases:
In this case,
* is an almost subnormal subgroup of GL t2 (∆ 2 ) contained in M . By Remark 1, F is not a locally finite field, so [16, Theorem 4.3] 
. Consequenly, M is metabelian, hence, it is solvable. Since M is irreducible, its unique maximal unipotent normal subgroup u(M ) = 1 (see [23, 2.4] ). We now claim that there exists an F C-element x ∈ M \Z(M ). For, if M is nilpotent, then by [20, 3.3 
Otherwise, again by [20, 3.3 
, then A is a normal subgroup of finite index in M . By Lemma 2.7, F [A] ∼ = M t3 (∆ 3 ) for some t 3 ≥ 1 and some locally finite dimensional division F -algebra ∆ 3 . Now, the condition M ⊆ N G (F [A] * ) ⊆ G implies that either 
* is contained in F , then A is abelian. Consequently, M is abelian-by-finte, and again [D :
. Therefore, all elements of M n (D) commute with x, or equivalently, x ∈ F ∩ M = Z(M ), a contradiction. ′ is locally finite, S is algebraic overF , so S is algebraic over F p . By Jacobson's theorem, S is a field. Moreover,
Now, we have S =F because S is a locally finite subfield of F containingF .
By the same argument as in the case
Any element x ∈ M n (D) may be written in the form
SinceF ⊆ F , the last equation implies that the elements
together with [20, 1.1.9, p.5] shows that l ≤ n. Hence, the inequality [D : F ] · n 2 ≤ l 2 implies that n = l and D = F , which is a contradiction.
Main result
The problem of the existence of non-cyclic free subgroups in maximal subgroups of skew linear groups was studied by several authors. Let D be a division ring and assume that M is a maximal subgroup of the group GL n (D). In [14] , MahdaviHezavehi studied this problem for the case when n = 1 and D is centrally finite. It was proved that either M contains a non-cyclic free subgroup or there exists a maximal subfield K of D such that K/F is a Galois extension, K * is a normal subgroup of M and M/K * ∼ = Gal(K/F ). In [9] , B. X. Hai and N. A. Tu extended the study for the case when D is locally finite, M is a maximal subgroup of a subnormal subgroup G of the group GL 1 (D). A surprising result obtained in [9, Theorem 3.4] states that if M does not contain non-cyclic free subgroups then D must be centrally finite, M must be absolutely irreducible, and there exists a maximal subfield K of D such that K/F is a Galois extension and Gal(K/F ) ∼ = M/K * ∩ G. The general case for n ≥ 1 and a maximal subgroup M of the group GL n (D) over a centrally finite division ring D was considered in [5] , [8] and [15] . Here, we consider the more general case for n ≥ 1 and a maximal subgroup M in an almost subnormal subgroup G of the general linear group GL n (D) over a locally finite division ring D. The obtained result in the next theorem generalizes all previous results mentioned above. 
where
is abelian, n i = 1 and
Since M is primitive, in view of [6, Proposition 3.3 
If the first case occurs, then M is a non-abelian almost subnormal subgroup of GL t1 (∆ 1 ) containing no non-cyclic free subgroups that contradicts to [16, Theorem 4.3] . So, we may assume that
we consider two possible cases:
Case 1: A is not contained in F We claim that D is centrally finite. Take some element α ∈ A\F . The elements of the set α M := {m −1 αm|m ∈ M } ⊂ A have the same minimal polynomial over F . This implies that |α M | < ∞, so α is an F C-element, and consequently, [M :
, in view of [6, Proposition 3.3] , H 1 ∼ = M t2 (∆ 2 ) for some t 2 ≥ 1 and some locally finite dimensional division F -algebra ∆ 2 . The subgroup M normalizes L * 1 , so it also normalizes H * 
If the first case occurs, then we are done. If M contains G ′ , then M is normal in G. It follows that M is a non-abelian almost subnormal subgroup of GL n (D) containing no non-cyclic free subgroups, which contradicts to [16, Theorem 4.3] . Therefore,
and thus
Recall that A is normal in M , so for any a ∈ M , the mapping θ a : K → K given by θ a (x) = axa −1 is well defined. It is clear that θ a is an F -automorphism of K. Thus, the mapping
defined by ψ(a) = θ a is a group homomorphism with
, it follows that C Mn(D) (M ) = F . Therefore, the fixed field of ψ(M ) is F . From this, we conclude that ψ is a surjective homomorphism, and K/F is a Galois extension. Hence, M/K * ∩ G ∼ = Gal(K/F ) is a finite group. Now, we show that K is a maximal subfield of M n (D). To see this, suppose that
is a subring of M n (D) containing both F and M . Therefore, R = M n (D) and
By Centralizer Theorem [7, (vii) By the same argument used in the last paragraph in Case 1, we conlucde that M is abelian, a contradiction. We may therefore assume that C is not contained in F . Replacing A by C in Case 1, we get the results.
